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Abstract
We propose a modification of the Skyrme model that supports a self-dual sector
possessing exact non-trivial finite energy solutions. The action of such a theory pos-
sesses the usual quadratic and quartic terms in field derivatives, but the couplings of
the components of the Maurer-Cartan form of the Skyrme model is made by a non-
constant symmetric matrix, instead of the usual Killing form of the SU(2) Lie algebra.
The introduction of such a matrix make the self-duality equations conformally invariant
in three space dimensions, even though it may break the global internal symmetries of
the original Skyrme model. For the case where that matrix is proportional to the iden-
tity we show that the theory possesses exact self-dual Skyrmions of unity topological
charges.
ar
X
iv
:1
70
5.
01
82
4v
1 
 [h
ep
-th
]  
4 M
ay
 20
17
1 Introduction
Self-dual sectors of field theories in various dimensions are characterized by first order differ-
ential equations such that their solutions also solve the second order Euler-Lagrange equa-
tions. The beauty of finding classical solutions with one integration less is not due to dy-
namical conservation laws, but to the existence of a topological charge possessing an integral
representation. Any infinitesimal smooth variation of that functional, representing the topo-
logical charge, vanishes for any field configuration, irrespective of it being a classical solution
or not. Therefore, such a variational procedure leads to an identity that works like an Euler-
Lagrange equation. Such identity together with the first order self-duality equations imply
the true second order Euler-Lagrange equations of the theory.
Such an observation has been used recently to invert the process, and construct theories
with a self-dual sector [1, 2, 3]. Starting with a given integral representation of a topological
charge, one looks for ways of splitting the integrand as the product of two pieces. Squaring
and adding those two pieces one obtains the static energy or Euclidean action of a theory
that by construction has an exact self-dual sector. The usual BPS bound on the static energy
or Euclidean action, comes as byproduct of the procedure.
In this paper we apply such a technique to the barionic topological charge of the usual
Skyrme model [4, 5]. We obtain a generalization of the Skyrme model that possesses, in
addition to the three SU(2) fields, a symmetric three dimensional matrix hab, which is
introduced through the process of splitting the integrand of the topological charge functional.
The action of such a model has the usual quadratic and quartic terms in derivatives of the
fields, but the group indices are contracted not with the Killing form of the SU(2) algebra,
but with that symmetric matrix. It is very intriguing that such a generalization of the
Skyrme model possesses an exact self-dual sector with non-trivial finite energy solutions. In
addition to that, the introduction of hab makes the self-dual sector to be conformally invariant
in three space dimensions. On the other hand, depending on the form of that matrix, the
usual global symmetries of the Skyrme model are broken down to a given subgroup. For the
case where hab is the identity matrix times a scalar field, we show that the self-dual sector
possesses Skyrmion solutions of topological charges equal to ±1. Those solutions are very
similar to the usual spherically symmetric Skyrmion, but the radial profile function is exact,
and the energy density decays as 1/r6, as the radial distance r goes to infinity.
The nature of the matrix hab, that makes the self-dual sector and its conformal symmetry
possible, is still to be understood. Since it changes the coupling of the components of the
Maurer-Cartan form of the original Skyrme model, and since its entries depend upon the
space-time coordinates, one can perhaps interpret hab as some low energy expectation values
of fields of a more fundamental theory in higher energies, that play the role of coupling
constants in the effective theory. In this sense, one should consider our model as a low
energy effective theory. On the other hand, at the classical level one can perhaps interpret
hab as new independent fields, despite the fact that our construction did not require the
introduction of a kinetic term for them. In fact, we show that if one really treats hab as
independent fields, then their corresponding Euler-Lagrange equations are also solved by
the solutions of the self-dual sector. That is an intriguing fact because the technique of
splitting the topological charge density is designed to provide self-dual solutions for the
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Euler-Lagrange equations associated to the SU(2) Skyrme fields only. Our generalization of
the Skyrme model is on the same lines as that proposed in [3], that constructed a Skyrme
type model with target space S3, with a self-dual sector and an infinity of exact self-dual
Skyrmion solutions. There, the extra field can also be interpreted as lower energy couplings
depending upon the space-time coordinates.
It is worth mentioning that the so-called BPS Skyrme model [6, 7] can also be obtained
by a splitting of the density of the barionic topological charge of the Skyrme model. That
splitting however does not introduce extra fields, and it leads to an action made of two
terms, one sextic in derivatives of the fields and the other being a potential. More recently,
further self-dual Skyrme models were constructed with similar techniques [8, 9]. It would be
interesting to investigate if our methods connect with another approach to self-dual sectors
of Skyrme models [10], that couples the theory to an infinite tower of mesons fields.
The paper is organized as follows. In section 2 we introduce the model and present its
main properties. The construction of the self-dual sector through the technique of splitting
the topological charge is given in section 3. The conformal symmetry of the self-dual sector
is presented in section 4. The exact self-dual spherically symmetric Skyrmion solutions of
unity topological charges are constructed in section 5. In section 6 we conclude with some
comments on possible consequences and application of our model.
2 The model
We shall consider a model, on a four dimensional Minkowski space-time, defined by the
action
S =
∫
d4x
[
m20
2
habR
a
µR
b , µ − 1
4 e20
h−1ab H
a
µν H
b , µν
]
(2.1)
where m0 and e0 are coupling constants, and R
a
µ, µ = 0, 1, 2, 3, are the components of the
SU(2) Maurer-Cartan form given by
Rµ ≡ i ∂µU U−1 ≡ Raµ Ta (2.2)
with U being an element of the group SU(2), and Ta, a = 1, 2, 3, being the generators of the
corresponding Lie algebra
[Ta , Tb ] = i εabc Tc (2.3)
In addition we have that
Haµν ≡ ∂µRaν − ∂νRaµ (2.4)
and hab is a symmetric invertible matrix, that perhaps can be considered as new independent
fields, or even a functional of the SU(2) fields. The nature of such a matrix is still an open
problem and we shall treat it more in detail as we discuss the properties of the model. We
shall use the trace form of the SU(2) Lie algebra
Tr (Ta Tb) = κ δab (2.5)
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where κ is a constant that depends upon the representation. In fact, κ = 1/2, for the spinor
representation and κ = 2, for the triplet representation. Then one can write
Raµ =
i
κ
Tr
(
∂µU U
−1 Ta
)
(2.6)
Note that since U is a unitary matrix and Ta are hermitian matrices, it follows that R
a
µ are
real quantities. In addition, Rµ satisfies the Maurer-Cartan equation
∂µRν − ∂νRµ + i [Rµ , Rν ] = 0 (2.7)
and so one can write
Haµν = −
i
κ
Tr ([Rµ , Rν ] Ta) (2.8)
Therefore, in the case where hab is the unit matrix, the theory (2.1) becomes the original
Skyrme model [4, 5]. Note that Raµ is invariant under the global right transformations
U → U gR we have that Raµ → Raµ (2.9)
with gR ∈ SU(2). On the other hand, under the global left transformations, we have
U → gL U we have that Raµ → Rbµ dba
(
g−1L
)
(2.10)
where d is the adjoint (triplet) matrix representation of SU(2), i.e. g Ta g
−1 = Tb dba (g).
The adjoint is a real and unitary representation, and so d is an orthogonal matrix, i.e.
dT = d−1. Therefore, if the matrix hab is invariant under the adjoint, i.e. d h dT = h, the
theory (2.1) is invariant under the group SU(2)L⊗SU(2)R, of the transformations (2.9) and
(2.10). However, if it is invariant under a given subgroup H, the symmetry is broken down
to H ⊗ SU(2)R. So, the first consequence of the introduction of the quantity hab, is the
breakdown of the global symmetries of the original Skyrme model. On the other hand, the
same quantity hab enlarges the space-time symmetries of the theory (2.1). As we will see
below, when hab is non-constant, the static sector of the theory (2.1) is conformally invariant
in three space dimensions, and that favors the existence of a self-dual sector.
3 The self-dual sector
For finite energy solutions, the SU(2) fields have to go to a constant at spatial infinity, and so,
as long as topological arguments are concerned, one can compactify the three dimensional
space IR3 into the three sphere S3, and the field configurations can be classified by the
winding number of the map S3 → SU(2) ≡ S3, with the following integral representation
Q =
i
24pi2
∫
d3x εijk Tr (RiRj Rk) (3.1)
with Ri given in (2.2). We now follow the reasonings on self-duality of [1, 2, 3] to construct
a self-dual sector for the theory (2.1). We write (3.1) as
Q =
i
48 pi2
∫
d3x εijk Tr (Ri [Rj , Rk ]) = − 1
48 pi2
∫
d3x εijk Tr (Ri (∂jRk − ∂kRj))
= − κ
24pi2
∫
d3x εijk R
a
i ∂jR
a
k ≡ −
κ
24 pi2
∫
d3x Aai A˜ai (3.2)
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where we have introduced the quantities
Aai ≡ Rbi fba ; A˜ai ≡ f−1ab εijk ∂jRbk (3.3)
where fab is some invertible matrix, such that f f
T = h, with h being the matrix appearing
in the action (2.1). Therefore, the static energy associated to (2.1) can be written as
E =
1
2
∫
d3x
[
m20 habR
a
i R
b
i +
1
e20
h−1ab S
a
i S
b
i
]
=
1
2
∫
d3x
[
m20 (Aai )2 +
1
e20
(
A˜ai
)2]
(3.4)
where we have denoted
Sai = εijk ∂jR
a
k =
1
2
εijkH
a
jk (3.5)
The fact that Q, given in (3.1), is a topological charge means that it is invariant under any
smooth variation of the field configurations. Therefore, denoting by χα, α = 1, 2, 3, the three
independent SU(2) fields of the theory (2.1), one gets that the variation of Q leads to the
equation
∂j
(
Aai
δA˜ai
δ∂jχα
)
−Aai
δA˜ai
δχα
+ ∂j
(
A˜ai
δAai
δ∂jχα
)
− A˜ai
δAai
δχα
= 0 (3.6)
Note that such a relation is satisfied by any field configuration since it is just an identity.
On the other hand, the static Euler-Lagrange equations following from (2.1), or equivalently
from (3.4), are given by
m20 ∂j
(
Aai
δAai
δ∂jχα
)
−m20Aai
δAai
δχα
+
1
e20
∂j
(
A˜ai
δA˜ai
δ∂jχα
)
− 1
e20
A˜ai
δA˜ai
δχα
= 0 (3.7)
Consequently, if one imposes the fields to satisfy the following first order differential equations
A˜ai = ±m0 e0Aai ; → εijk ∂jRak = λRbi hba (3.8)
it follows that (3.8) and (3.6) together, imply the Euler Lagrange equations (3.7), where we
have introduced
λ ≡ η m0 e0 ; η ≡ ±1 (3.9)
Therefore, (3.8) are the self-duality equations for the theory (2.1). In addition we can write
the static energy as
E =
1
2
∫
d3x
[
m0Aai ∓
1
e0
A˜ai
]2
± m0
e0
∫
d3x Aai A˜ai (3.10)
and so one gets a lower bound on the energy given by
E ≥ m0
e0
24pi2
κ
| Q | (3.11)
The self-dual solutions of (3.8) saturate such a bound. The energy for those self-dual con-
figurations can be written as
E = m20
∫
d3x habR
a
i R
b
i =
1
e20
∫
d3x h−1ab S
a
i S
b
i =
m0
e0
24 pi2
κ
| Q | (3.12)
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An interesting point is that, if one considers the entries of the matrix hab as independent
fields, then the Euler-Lagrange equations following from the energy functional (3.4) are
m20R
a
i R
b
i −
1
e20
h−1ca h
−1
bd S
c
i S
d
i = 0 (3.13)
Note that (3.13) follows as a consequence of the self-duality equations (3.8), since Sbi h
−1
ba =
±m0 e0Rai . Therefore, the reasoning described above, that has led to the self-duality equa-
tions for the Euler-Lagrange equations associated to the SU(2) fields, also implies that those
same first order differential equations are the self-duality equations for the Euler-Lagrange
equations associated to hab, considered as independent fields.
Note that the self-duality equations (3.8) have the same global symmetries as the theory
(2.1). Indeed, (3.8) are invariant under the transformations (2.9), and also under (2.10) if
the matrix h is invariant under the adjoint representation, i.e. d h dT = h, otherwise the left
symmetry group is broken to a given subgroup.
It is worth mentioning that there are 9 self-duality equations (3.8), for 9 unknowns,
namely the 3 SU(2) fields and the 6 entries of the symmetric matrix hab.
In the case where the matrix h is the unity matrix, the self-duality equations (3.8) reduce
to
− i
2
εijk [Rj , Rk ] = ±m0 e0Ri (3.14)
Those are the self-duality equations for the original Skyrme model considered in [11], and
that is known not to possess finite energy solutions. We will shown that when the matrix h is
non-trivial, one can have finite energy solutions of the self-duality equations (3.8). Self-dual
configurations can also be attained in space-times presenting compact sub-manifolds [2, 12].
4 The conformal symmetry
We now show that the self-duality equations (3.8) are invariant under conformal transforma-
tions in three space dimensions. We consider the SU(2) field U to be a scalar under space
transformations, i.e.
δxi = ζi ; δU = 0 ; δ
(
∂iU U
−1) = −∂iζj ∂jU U−1 (4.1)
From (2.6) and (2.8) one observes that Rai and H
a
ij contain only first derivatives of U , and
so
δRai = −∂iζj Raj ; δHaij = −∂iζk Hakj − ∂jζk Haik (4.2)
Therefore, from (3.5) one has
δSai = ∂jζi S
a
j − ∂jζj Sai (4.3)
We write the self-duality equations (3.8) as
Λai = S
a
i − λRbi hab ≡ 0 (4.4)
where λ was defined in (3.9), and so
δΛai = (∂iζj + ∂jζi − ∂kζk δij)λRbj hba − λRbi δhba (4.5)
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If the space transformations satisfy
∂iζj + ∂jζi = 2D δij (4.6)
for some function D, and if the entries of the matrix hab transform as
δhab = −Dhab (4.7)
one gets that the self-duality equations (3.8) are invariant. It follows that (4.6) are exactly
the equations that define the conformal transformations in three space dimensions. Indeed,
D = 0 for translations and rotations, D = constant, for dilatations, and D linear in xi, gives
the special conformal transformations [13, 3].
One can check, using the fact that δh−1ab = Dh
−1
ab , that
δ
(
habR
a
i R
b
i
)
= −3DhabRai Rbi
δ
(
h−1ab S
a
i S
b
i
)
= −3Dh−1ab Sai Sbi (4.8)
δ (Rai S
a
i ) = −3DRai Sai
Since the volume element transforms as δ (d3x) = 3Dd3x, it follows that the static energy
(3.4) and the topological charge (3.1) are conformally invariant.
5 A special type of exact solution
We shall now construct solutions to the self-duality equations (3.8) where the matrix hab has
the form
hab = f
2 δab (5.1)
with f a given function to be determined from (3.8). Note that, in such a case the matrix
h is invariant under the adjoint representation of SU(2), i.e. d h dT = h, and so the global
transformations (2.9) and (2.10) are symmetries of the theory (2.1), which can then be
written as
Sf =
1
κ
∫
d4x
[
m20
2
f 2 Tr (Rµ)
2 +
1
4 e20
1
f 2
Tr ([Rµ , Rν ])
2
]
(5.2)
The self-duality equations (3.8) becomes in this case
εijk ∂jRk = λRi f
2 = − i
2
εijk [Rj , Rk ] (5.3)
with λ defined in (3.9). We now use the parameterization of the SU(2) group elements given
in [14], i.e.
U = e−i χa σa = e−i χ T = 1l cosχ− i T sinχ (5.4)
with σa, a = 1, 2, 3, being the Pauli matrices, and
χ =
√
χ21 + χ
2
2 + χ
2
3 ; T =
1
1+ | u |2
( | u |2 −1 −2 i u
2 i u∗ 1− | u |2
)
(5.5)
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and where we have made the stereographic projection of the unit vector χa/χ on the plane
and introduced the complex field u as
~χ
χ
=
1
1+ | u |2
(
−i (u− u∗) , u+ u∗, | u |2 −1
)
(5.6)
One can show that the SU(2) group elements can be further written as
U = W † ei χ σ3 W ; with W =
1√
1+ | u |2
(
1 i u
iu∗ 1
)
(5.7)
Therefore, one obtains that
Ri = i ∂iU U
−1 = −V
[
∂iχσ3 +
i 2 sinχ
1+ | u |2 (∂iuσ+ − ∂iu
∗ σ−)
]
V † (5.8)
with V = W † ei χ σ3 and σ± = (σ1 ± i σ2) /2. Replacing (5.8) into (5.3) one gets the following
equations
λ f 2 ∂iχ =
i 4 sin2 χ
(1+ | u |2)2 εijk ∂ju ∂ku
∗ (5.9)
λ f 2 ∂iu = 2 i εijk ∂jχ∂ku (5.10)
together with the complex conjugate of (5.10). Contracting (5.10) with ∂iu and then with
∂χi one gets that the solutions of the self-duality equations (5.3) satisfy the relations
(∂iu)
2 = 0 ; ∂iχ∂iu = 0 (5.11)
which are precisely the constraints introduced in [14] to obtain a sub-model of the origi-
nal Skyrme model with an infinite number of conserved quantities. Here, (5.11) are not
constraints but consequences of the self-duality equations. Using (5.10) and its complex
conjugate one gets that
εijk ∂ju ∂ku
∗ =
4 ∂iχ
λ2 f 4
εjkl ∂jχ∂ku ∂lu
∗ (5.12)
Replacing that into (5.9) one gets that
f 6 =
i
λ3
16 sin2 χ
(1+ | u |2)2 εijk ∂iχ∂ju ∂ku
∗ (5.13)
which is proportional to the density of the topological charge. Indeed using (5.8) one gets
f 6 = − 2 i
3λ3
εijk Tr (RiRj Rk) (5.14)
Now contracting (5.9) with ∂iχ, and using (5.13) one gets that
(∂iχ)
2 = λ2
f 4
4
(5.15)
7
a result that will be useful below. We now introduce the spherical-like coordinates (r , w1 , w2)
defined by [14]
x1 = r
2w2
1 + w21 + w
2
2
; x2 = r
2w1
1 + w21 + w
2
2
; x3 = r
(−1 + w21 + w22)
1 + w21 + w
2
2
(5.16)
The metric is given by ds2 = s2r dr
2 + s2w1 dw
2
1 + s
2
w2
dw22, with the scaling factors being
sr = 1 ; sw1 = sw2 =
2 r
1 + w21 + w
2
2
(5.17)
Note that since f is real, the r.h.s. of (5.13) has to be positive definite. Therefore, a way of
satisfying that, and also the relations (5.11), is to take
χ ≡ χ (r) ; u ≡ u (w) ; u∗ ≡ u∗ (w∗) w = w1 + i η w2 (5.18)
where η = ±1, appearing in the definition of the complex coordinate w, is the same sign
as the one appearing in the self-duality equations (3.8) (see (3.9)). Indeed, using the fact
that the unity vectors are ordered such eˆr = eˆw1 ∧ eˆw2 , one gets that εijk ∂iχ∂ju ∂ku∗ =
~∇χ ·
(
~∇u ∧ ~∇u∗
)
= −i η (1+|w|
2)
2
2 r2
∂rχ | ∂wu |2, and so
f 6 =
1
m30 e
3
0
8 sin2 χ
r2
(1+ | w |2)2
(1+ | u |2)2 ∂rχ | ∂wu |
2 (5.19)
Therefore, f 6 is indeed positive with the choice (5.18). But as a consequence of the ansatz
(5.18) and the relation (5.15), it follows that f can depend upon r only. Therefore, from
(5.19) one must have
(1+ | w |2)2
(1+ | u |2)2 | ∂wu |
2= constant (5.20)
and the possible solution is
u = w ; u∗ = w∗ (5.21)
and so
f 6 =
1
m30 e
3
0
8 sin2 χ
r2
∂rχ (5.22)
Therefore ∂rχ must be positive definite. Using (5.15) and (5.22) one gets
r ∂rχ = sinχ (5.23)
and so
χ = 2 ArcTan
(
r
a
)
(5.24)
with a and arbitrary parameter of dimension of length. So, the solution can be re-scaled
freely, and that is a consequence of the conformal symmetry of the theory. Therefore, from
(5.15) one gets
f 2 =
4
| m0 e0 |
a
r2 + a2
(5.25)
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Using (5.4) we can write the final solution, in polar spherical coordinates (r , θ , ϕ), as
U = 1l
a2 − r2
a2 + r2
− i 2 a r
a2 + r2
(
cos θ sin θ e−i η ϕ
sin θ ei η ϕ − cos θ
)
(5.26)
with η being the sign appearing in the self-duality equations (3.8) (see (3.9)). Therefore
U (r = 0) = 1l ; U (r →∞)→ −1l (5.27)
The topological charge (3.1) of the solution can be evaluated using (5.14) and (5.25), to give
Q = −η 4
pi2
∫ d3x
a3
1
(1 + r2/a2)3
= −η (5.28)
Using (3.12), (5.8), (5.15) and (5.25) one can evaluate the energy density to get
E = m20 habRai Rbi = m20 f 2 (Rai )2 =
192
a3
m0
e0
1
(1 + r2/a2)3
(5.29)
and so the energy is
E =
∫
d3x E = 48pi2 m0
e0
(5.30)
Therefore the energy and topological charge densities are proportional, and are spherically
symmetric. They fall as 1/r6 for r →∞. Therefore, the choice (5.1) of the matrix hab, that
does not break the global symmetries (2.9) and (2.10), leads to only two self-dual Skyrmion
solutions of topological charges ±1. The difference between such self-dual solutions and the
Skyrmions of topological charges ±1, of the original Skyrmion model [4, 5], is the profile
function χ (r), which is exact and has a slower decay at infinity.
6 Conclusions
We have proposed a new Skyrme type model that possesses, besides the usual SU(2) fields, a
symmetric three dimensional matrix hab, that governs the couplings of the components of the
Maurer-Cartan form of the original Skyrme model. The introduction of that matrix is guided
by some self-duality techniques of splitting the density of the barionic topological charge, that
leads to an exact self-dual sector in the proposed theory. In addition, that matrix renders
the self-duality equations conformally invariant in three space dimensions, and depending
upon its form it may break the internal global symmetries of the original Skyrme model. For
the case where hab is proportional to the identity matrix we have constructed exact self-dual
Skyrmions of unity topological charges.
The proposed model certainly opens the way to several investigations. The nature of the
symmetric matrix is still not understood and deserves further studies. It could be interpreted
as new independent fields, and that would require the introduction of a kinetic term for it,
that our construction did not have to rely on. On the other hand, hab could correspond
to low energy expectation values of fields of a more fundamental theory in high energies.
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Investigations in that direction would certainly be important for physical application that
the proposed model may have.
We have constructed self-dual solutions for the case where hab is proportional to the
unity matrix only. It is very important to investigate solutions for other forms of that
matrix. Note that we have not made use of the conformal symmetry in the construction of
an ansatz because the structure of the self-duality equations was such that it has driven us
directly to a spherically symmetric solution of unity topological charge. The use internal and
conformal symmetries may be important in designing an ansatz for more general solutions.
The difficulty may rely on the fact that general forms of hab tend to break the left internal
symmetries of the theory.
From the point of view of physical applications it would be interesting to break the
conformal symmetry. That certainly can be attainable by a potential or even the promotion
of hab to physical propagating fields. On the hand, it is important to investigate the rotational
modes of the self-dual solutions and their semi-classical quantization.
Acknowledgments: The author is partially supported by CNPq-Brazil.
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